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Abstract. Let G be a locally compact group with a fixed left Haar measure 4. Let[* (G)
Lt (G) bethe usual Lebesgue spaces with respect to A . In this paper, we show that thereis an
isometric homomorphism from U (G ) into the set of all bounded linear operatorson L~ (G)
which commute with conjugate convolution, where U*(G) is the subspace of |~ (G)

from G into L‘”(G) is

consisting of all f e L” (G) for which the mapping y — y_1fy

conti nuous.
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1. INTRODUCTION

Let G be alocally compact group with a fixed left Haar measure 4 . LetL™ (G ), L*(G) be the usual

L ebesguse spaces with respect to 4 as defined in [3]. Foreach y €G and f €L’ (G) (1< p<x), we
define

p, (f)(x)=f (y’lxy) (x €G).

For every ¢,y eL*(G), definethe conjugate convolution R, () by
R, (¥)(X)=[o(y)A(y)w (v xy)dy,
G
Where X,y €G and A isthe modular function of G. It is easy to see that for any ¢,y € L*(G )
jRw(w)(x)dx:(J-(p(y)dy)(.[w(x)dx).
G G G

Thisimpliesthat R (y) e L*(G) and |R, (v )|, <], |w], forany @.p eL}(G) (see(5)).

Let p,,v e L*(G). Thenwe have R, (RW (v)) = (R(w*w) (v)) where * denotes that convolution
muitiplication of L* (G ). Thisimpliesthat L*(G ) with the conjugate convolution is not a Banach algebra.

For each p € L' (G ) andf € L”(G ), define the complex-valued function R, (f ) on G by
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f)(x) :=Igp(y) f(y'xy)dy (x €G).

We note that H R, (f )Hw <| I, [,

A bounded linear operator T on L~ (G) commutes with conjugate trandations if

T (py (f )):py (T (f ))
foral y eG and f eL” (G ) . Also, T commutes with conjugate convolution if
T(R,(T))=R,(T ("))
foral pel'(G) and f eL”(G).
The bounded linear operator on L~ (G) that commutes with conjugate trandations and conjugate

convolution have been introduced and studied by A. Gaffari in [1].
In this paper, we show that there is an isometric homomorphism from U * (G ) into the set of dl

bounded linear operatorson L* (G ) which commute with conjugate convolution.

2. THE RESULTS

We note that Ll(G) with the conjugate convolution operation does not have right bounded
approximate identities, in general. Indeed, let G is an abelian group, then for each ¢,y € Ll(G), we have

j o (V) (v xy)dy =y () j p(y)dy
andso L' (G ) with the conjugate convolution operation has not a right bounded approximate identity.

Definition 2.1. A net (goa) in L' (G) is called a conjugate left bounded approximate identity for
L'(G) if

HR(%) (go)—goHl — 0 foral peL'(G).

THEOREM 2.2. Let G be a locally compact group. Then for any ¢ e L' (G) and ¢ >0, thereisa
neighbourhood U of & >0 in G such that

R (¢)-¢l, <<

forall xeM *(G),suchthat £(G)=1 and ,u(UC):O, where R, (¢) isgiven by

R, (2)(X)=[o(y™xy)du(y) (x<G).

G
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Proof. Let U be a neighbourhood U of e in G such that ‘

E .
00| <% it yeGa,
Theorem 20.4). Then if g eC, (G) (the set of al bounded continuous functions on G with compact

support) and ,u(U ¢ ) =0, thefunction

(x,y)—>

satisfies the Fubini theorem. Thus we have

19, (<) =00)|[g ()

[|R.(2)(0 - o(|g(x)|x= |

[y 5y)duty) - | co(X)dﬂ(y)‘lg(X)ldX
< [ [1oCy™59) =009 [du(y) [g(x) 1dx= [ [1o(y™x) = (%) || 9(x) |dxdi(y)
< [lo(y ™) = () du(y) [ 909 |dx.

Theorem 12.13 of [3] impliesthat [|R,(p)— ¢l &.

COROLLARY 23. Let G be a locally compact group. The group algebra Ll(G) contains a
conjugate left bounded approximate identity.

Proof. Let 2 denote the family of compact neighbourhoods of e and regard 2l as adirected set in the
usual way: U >V if U <V . ForeachU e 2 chooseameasure 1€ M (G ) suchthat #(U)=1 and

(U ) =0. Indeed; we can put 4, ::% |,where 1, isthecharacteristic function on U. Then (44, ),.x

is a conjugate left bounded approximate identity for L* (G ) by Theorem 2.3.

PROPOSITION 2.4. Let T is a bounded linear operators on L* (G ) which commute with conjugate
convolution. Then T commutes with conjugate translations.

Proof. For every f €L”(G) andg,y € L'(G ), we have
(F,R,) = j F(Y)R, (w)(y)dy =

= | j F(Y)A(S)w (s yshp(s)dsdly =
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Now, let (¢,)be a conjugate left bounded approximate identity for Ll(G). Then for every
yeG, fel?(G) and peL’(G) wehave
(T(p, (). @) =lim(T(p,(f)).R, (9)) =
=1lim(R, (T(p,(1))).p) =
=1Iim(T(R,, (p,(1))).p) =
IMT(R,.; (1)).0) =
MR, (T(1)).0) =
=lim(R, (p,(T(1))).0) =
=1im{p, (T(f)),R, (¢)) =
=(p,(T(1)),0).
ThatisT (p, (f )) = p, (T (f)).
For each , definep € L*(G ) aseminorm p, onthespace L”(G) by
p,()=|R,), (¢ L"G)).
Note that P = {p(p,goe Ll(G)} separates the points of L”(G). The locally convex topology on
L (G) determined by this seminorm is denoted by 7, (see, [2]). In Lemma 1.7 in [4] it is shown that
U”@G)=R,. (L"(G)).Soforevery meU “(G)" we can define the operator m; on L” (G) by

(M (f).oy=(MR,(f)) (f cL”(G).ecl'G)).

L'G)

THEOREM 2.5. Let G be a locally compact group and m be an operator on L” (G ) Then m,
commute with conjugate convol ution.

Proof. First we show that m.. is 7, -continuous. Let
f,>f
inthe 7, -topology of L™ (G ). By Lemma3.3 of [2], for eachg € L'(G),
R,(f,) >R, (f)
in the norm topology. Thisimplies that

lim(m. (f,), @) =lim(m, R (f,)) =lim(m,R,(f)) =(m.(f), ).

Hence m. is 7, -continuous. Theorem 2.7 from [2] implies that m. commute with conjugate convol ution.
PROPOSITION 2.6. Let G be a locally compact group and T a bounded linear operator on L™ (G)

which commute with conjugate convolution. Then T (h) eU *(G) for anyh €U *(G).

Proof. Let heU *(G), Then y — p, (h) fromGinto L” (G) is continuous. By Proposition 2.4 we
have p, (T (h)) =T (p, (h)) foreach y €G and soT (h) U *(G).
Forevery m,neU “(G)" wedefine m.n onU *(G) by
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(m.n)(h) =m(n. (h)) (heU~(G)).

The following Theorem is the main result of this paper.
THEOREM 2.7. Let G be a locally compact group. There exists an isometric homomorphism from
U *(G)’ into the set of all bounded linear operator on L” (G ) which commute with conjugate convolution.
Proof. Define ¥ on U *(G)" by
¥(m)=m, (meU~*@G)).
Forany p e LYG) with ||g, <1 and f €L"(G) wehave

[<me (F )y L Cm, R, () I mil[R, ()], <[[mlol i .
Therefore, |m.|<|m].
To see that equality holds, let (€,) be abounded approximate identity for L*(G) bounded by one and
heU”(G). Thenthereis peL'(G) and f €L”(G) suchthath=R (f ). Thisimpliesthat

|R. () -h|_ =|R, R,(FN-R.(D)]. =[R..,()-R(})] <[e.*¢-2|,] ], —O.
Hence
[me ()] = [kme (h).e,)| = [km, R, (h))

which convergestol(m, h)|. Hence |m. | > m| andso ¥ isan isometry.
Now, let m,n €U *(G)", weclaimthat (m.n). =m (n.). Forany p eL'(G) and f €L™(G),

((mn)c(f),0) ={(mn), R, (T)) =(m,nc(R,(F))) ={(m,R,(nc ())) = (M. (nc (1)), )
=((me(ne))(F), )

That is, (M.n), =M. (N ). Thisimpliesthat¥ is homomorphism.

Remark 2.8. We believe, but have been unable to prove, that the isometry of the final theorem is
surjective.
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