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1. INTRODUCTION

Let D be the unit disk {z € C: |z] < 1} and ./ denotes the class of all functions f analytic in D, satisfying
the condition f(0) = f/(0) — 1 = 0. It means that function f € < has the following representation

=2+ Y ad. ()
n=2

Let . be the class of all functions in .7 which are univalent in ID. The logarithmic coefficients of f € .%,
denoted by ¥, = ¥,(f), are defined by
=Y %" (2)
n=1

The logarithmic coefficients 7, are significant in the theory of univalent functions and play the important
role in the proof of the well-known Bieberbach conjecture. The utility of the logarithmic coefficients in the
context of Bieberbach conjecture was discovered by Milin [9], who conjectured that for f € . and n > 2,

mf_ y (kw R

1

In 1985, De Branges [4]] proving Milin’s conjecture confirmed the Bieberbach conjecture.
If f is of the form (I, then the logarithmic coefficients are given by
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1
h= 2612
1 1,
n=5\B-5%
1 1 ;4
Y= 2 as —araz + gaz 3)
1 1 1
V4= 5 (as —aray +a%a3 - Ea% - 4a§>
1 2 2 3 1 5
5= 5 ag — axas — aza4 + arasz +ayas — a,as + gaz .

Hence, if f € ., it is easy to see that |y;| < 1 with equality for the Koebe function f(z) = 5. For

Z
(1-2)
this function, it is known that ;, = % for n € N. Since the Koebe function occurs as an extremal function for
most of the extremal problems in the class ., it is expected that |y, | < % for f € . and n € N. Nevertheless,
it is not true in general. Namely, it does not hold even for y». The Fekete-Szegé inequality leads to || <
1 (142¢72) = 0.635.... Also, in 2020 Obradovié and Tuneski proved that |y5| < YJ22 for all £ € .#, see [10].
The problem of finding the sharp upper bounds for |y,| for f € .7 is still open for n > 3. However, if f € /%,
the class of starlike functions, the inequality |y,| < % holds for n € N, see [|12].

Taking into account selected subclasses of the class ., some partial results concerning logarithmic coef-
ficients are known. Particularly, the upper bounds of ¥, for the class of strongly starlike functions of order
B (0 < B < 1) were obtained by Thomas in [[13], that is |y,| < g, n € N. Whereas, the results for y-starlike
functions were given by Darus and Thomas in [3]. Moreover, non-sharp estimates for the class of Bazilevi&,
close-to-convex and different subclasses of close-to-convex functions were examined in [6f], [[1]] and [[14]], re-
spectively.

The sharp upper estimates of |3| in subclasses .7 , %, , 3 , %4 of the class .7 of functions f satisfying
respectively the following conditions

Re{(1-z)f'(z)} >0, z€D 4)
Re{(1-22)f'(z)} >0, zeD 5)
Re{(1—z+22)f'(z)} >0, z€D (6)
Re{(1-2)°f(2)} >0, zeD )

were investigated in [1]], [[8] and [2] with the additional assumptions about the coefficient a;. Namely, the
estimates related to .%, are as follows

1 1
11| < 5o (11+15V/30) = 0.3234... for f € F and ;S@<s, B

— 288

| W

1
175 < —=(95423V/46) =0.2582... for f € Frand 0< ay < 1, []

=972

| |<L(743+131\/z62)—03682 forfeﬁand1< <3 8]

BI= 7776 BREhtat yandy =@=5,
1

73] < —=(28419v/19) = 0.4560... for f € F4and 1 < ap <2, [I]

243
These results were generalized for all real a; by Cho et al. in [2].

In this paper we consider more general case, when a; is an arbitrarily complex number. Despite the rejection
of the assumption a, € R, the derived results are only slightly worse than those obtained in [2].

It is worth noting that in Theorems E], E] and E] we obtained similar results as in [2]], the derived results are
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slightly worse than the sharp bounds obtained in [2]], differing at the level of hundredths in .#4, thousandths in
Z1 and %3, and ten-thousandths in .%; but without any additional assumptions for the coefficient a,. Further-
more, we derive the bounds of |y in the same subclasses of ..

Note that, each class .%;, i = 1,...4 is the subclass of the well-known class of close-to-convex functions.
Since all of these classes have a representation by using the Carathéodory class &2, i.e., the class of functions
of the form .

p2)=1+) pud", zeD, 8)
n=1
having a positive real part in D, so both 3 and }4 have a suitable representations expressed by the coefficients
of functions in &.

Denote by A the class of Schwarz functions, i.e., the class of all analytic functions @ : D — D, ®(0) = 0.

A function @ € % can be written as a power series

o(z) =Y " ©)
n=1
There exists a close relationship between the class &2 and the class %,. Namely, p = {f—g is in & if and

only if ® € Zy. From this relation we conclude that
p1=2c1, p=2(c2+c7), p3=2(c3+2c102+¢}),

(10)
pa=2(cs+2cic3+3+3cr+cf) .

To prove our results we need the following lemmas for Schwarz functions obtained by Prokhorov and
Szynal [11] and Carlson [5].

LEMMA 1. Let 0(z) = c1z+ 22> + -+ be a Schwarz function. Then

|ca|?
1+ ey

el < 1=[erf’, es| < 1—|er— ,esl < 1=lerP =1eal?.

We also need the results obtained by Efraimidis (see, [[7]).
LEMMA 2. Let @ = c1z+ c272 + ... be a Schwarz function and A € C. Then

les+ (14 A)eiea + Act| < max{1,|A[} (11)
lc3 + 24160 + A%c3| < max{1,|A|*} (12)
and
lea+ (14+A)eres +c3+ (14+2A0)ccr + Act) < max{1,|A[} (13)
lca+2c1c3 4+ Acs 4 (1+24)cer + Act] < max{1,|A[}. (14)

2. ESTIMATES FOR THE v;

To obtain our results we apply a different approach than those used in [1,/3,/9]. In order to estimate 3 we
express it by coefficients of Schwarz functions.

THEOREM 1. If f € .7, then
21
< —.
5l < 64
Proof. Let f € .7 be of the form (I)). Then there exists p € & of the form (8) such that

(1-2)f'(z) =p(z), zeD. (15)
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Substituting the series (1)) and (8) into (13]) and equating the coefficients we get
1

ar =5 (1+p1)
1
a3=§(1+P1+P2)
1 (16)
as =4 (1+p1+p2+ps)
1
as = g(l +p1+p2+ps+pa).
By (3)) and (I6) we get
B= 1 (p1 —pi+pi —4p1pr+2pr+6p3+3) .
Using now we have
B=1g (4c] +8cicr +2c1 +4c2 4+ 12c3 4 3) .
Then obviously
15| < R (4]cl|3+8|c1\|cz\ +2|ct| +4|ca| +12|cs] +3)

and applying Lemma|[T] we get

1 2
1< g (i +8lellcal+ 2erl 4l +12 (1P - 120 ) 43)

Let h; (x,y) denotes the right hand side of the above inequality with x = |¢;| and y = |c3|. Then

1 2
hi(x,y) = ;¢ <4x +8xy+2x+4y+ 12 <1—x2_1y+x>+3) ,

The shape of the region of variability of (x,y) is a simple consequence of the Schwarz-Pick Lemma. It coincides
with
Q={(xy):0<x<1,0<y<1—x*}. (17)

The critical points of 4, are the solutions of the system

+1)?

{ 1242 +(12y —24x+8y+2=0
x+1+8x—|—4 0.

Hence, the only critical point of 4; in Q is ( 27 6) and K (Z %) = %. Now, it is enough to derive the greatest
value of s; on the boundary of Q. We have the following

1 5\[
hl(x,O):@(4x —12x% +2x+ 15) =0.3142..

1
hi(0,y) = — (4y+15—12)*) < =
1(0,y) = 7= (4y+ y)_72

1 2784 67/67
2 3 2
— = (— — < =0.

hi(x,1—x%) 48( l16x° —4x* 4+22x+7) < 5592 0.3188

Combinig all these inequalities we get

21
hi(x,y) < e forall (x,y)eQ,

which results in the desired bound. O
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THEOREM 2. If f € %, then
73] <0.2587... .

Proof. Suppose that f € .7, is given by (I). Then there exists p € & of the form (8] such that
(1-2)f'(2) =pz), zeD. (18)

Applying in (18)) the expansions of f and p given by (1)) and (8)), we obtain

1
a) = <
2 2]71
1
az = 5(1 +p2)
| (19)
as = Z(Pl +p3)

1
s=—(14+p2+ps).

a 5(

Using (3) and we have
1

3 (pi+2p1—4pip2+6p3) .

B =
From (10) we get

B=-—= C?+2C1C2—|—Cl—|—3C3) .

12 (
Hence from the triangle inequality we have

1
73] < T (ler[* +2[er[|ea| 4 [e1] +3es]) -

Now, using Lemma [T| we get

2
3 2 |02’
2 3 — )
Il < - (\cly +2|er]]ea] + |er |+ < — e 7 w))

Let us denote by A, (x,y) the right hand side of the above inequality, where x = |c;| and y = |c3|. Therefore,

1 3y?
hy(x,y) = i x> 4 2xy+x+3—3x% “Tix

From

{ 324 2 —6r 2y +1=0

it follows that (0.2257...,0.0922...) is the only critical point of &, in Q. In this case /(0.2257...,0.0922...) =
0.2587....

To complete the proof we need to verify the behavior of the function 4, on the boundary of Q. We have

1 1
ha(x,0) = (3+x—3x2+x") < §(9+2%):0.2573...
1 1
h =—(1—y}) <=
1 1
h(x,1—x*) == (B3x—2x") < —— =0.2357... .
2 ) 6( )_3 5
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Taking everything into account we obtain
hy(x,y) <0.2587... .

This ends the proof of the theorem. O

THEOREM 3. If f € %3, then

<
73] < 192

Proof. Assume that f € %3 is of the form (I). Then there exists p € & of the form () such that
(1-2+2)f'(z) = p(z), z€D. (20)

Putting the series (1)) and (8) into (20) by equating the coefficients we get
1

a = 2(1 +p1)
1
az = g(l?l +p2)
; @1
as = Z(Pz +p3—1)
1
as =z (p3tpa—p1—1).
By (@) and (21)) we obtain
1
T (pi —pPi—p1+2p2—4pip2+6p3—3) .
Again, applying we have
B=1g (4c7 +8cica—2¢1 +4cr+12¢3-5) .
The traingle inequality and Lemmal|I|result in
1] < 1 4ler P +8letllca] +2ler| +4ea| 12 [ 1—]er|* - 2" +5
=48 I+ er]
1
=i (erhleal) + 5
where £ is defined in the proof of Theorem I}
Therefore, from Theorem [} the declared result follows. O

THEOREM 4. If f € Z4, then
185

< —.

Proof. Let f € %4 be of the form (I)). Then there exists p € & of the form (8] such that

(1-2°f'(z) =plz), z€D. (22)
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Substituting the series (1)) and (8) into (22)) and equating the coefficients we get

1
a = E(pl +2)

1
az = §(2P1+P2+3)

1 (23)
ay =7 (3p1+2p2+p3+4)
1
=s@p1+3p2+2p3+pats).
From (3)) and (23) we get
LI S _
=13 (p1 —2p7+2p1 —4pip2+4p2+6p3+38)
and, using (10),
1
v = I (c] +2cica+c1+2¢2+ 3¢5 +2)

From (T1)), the traingle inequality and Lemma [I| we get

%l < 12 (c3+2cic2+¢]) +2c3+2¢2+c; +2|

1 |ca|?
<—(1+2(1=1¢]?= 2 2.
_12< + ( ] e +2|ca| + |er] +

Denote by /4(x,y) the right hand side of the above inequality with x = |c| and y = |c;|. Then

2

1 2y
54x—22 12y .
12( Ty 1+x>

h4(x7y)

Now we consider the system

{ 1—4x—|—(1+x) =0

4
l-gx =0
Therefore, the only critical point of A4 in Q is (% %) and hy (% —6) %.
On the boundary of the set 2, we have
41
ha(x,0 5 2
4(x,0) = 1(—I—x x) 9%
ha(0 )—l(5+2 2 2)<E
4\V,Y) = 2 y—2y ) > 4
1
ha(x,1—2%) = — (5+3x— 22 —22%) < — (1o4+11\/ 2) =0.4802..
12 324
Finally, we obtain
185

which ends the proof.
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3. ESTIMATES FOR THE ¥,

Now we will prove the results concerning the bounds of 94 for .%;. For this purpose we will use the results
obtained by Efraimidis.

THEOREM 5. If f € .7, then
] <0.3245... .

Proof. Let f € .7 be of the form (I)). Using (3) and we get
1

= 5760

—160p3 + 136p, +216p3 +576ps +251) .

(—45p1 +60p3 +240p3 pr — T0pt —200p; p2 — 360p1 p3 + 76p;

Applying now (I0) we obtain

74| = 5760 86413 +432¢3 +512¢5 + 1216¢tcs + 64cyca +272¢, +272¢]

+112¢] — 8¢ +152¢1 + 1152¢4 +251] .
Using the triangle inequality we have

(4328 + 8082 + 3283+ S4),

<
"= 5760

where
S1=les+2cie3+ 5 +3cier+cf| < 1by (@) withA =1,
Sy = }a—i—c%—c%cz—cﬂ < 1by (13) with A = —1
S3=|es+2cic2+ci| < 1by ([ with A =1,
S4 = [400c3 + 80c7 4 640c4 — 80c| +272¢, — 8¢t + 152¢; +251] .

Applying the triangle inequality once more we have

795 +400c3| 4 80|c1 |* +640|c4| +80[cy|* +272|co| + 8|c1[* + 152]cy ] -

p—
"= 5760

Now, by Lemma I} we receive

2
640(1 — |c1 > — |2 ? +4oo(1— 2 el )
( (=lerP = |esP) af -2k

9] <
"= 5760

+272|cz\—|—80\c1]4—|—80\cl|3+8]c1\2+152]cl|+795> <gi(cil,leal) ,

where

gi(x,y) = (80x* 4 80x* — 1032: 4 152x — 640y” 4 272y + 1835) .

5760
The critical points of g are the solutions of the system

40x3 +30x2 —258x+19=0
2721280y =0.

Taking into account the second equation we get rational solution of the form yy = 80, whereas xo = 0.0743..
is the solution of the polynomial of the third degree. So, the value of g; at this point is g; (0 0743..., 80) =
0.3245...
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Now, we need to find the gratest value of g; on the boundary of Q2. We have

80x* 4+ 80x> — 1032x% + 152x + 1835

0) = <0.3195...
gl(x7 ) 5760 >
(0.y) = —640y% 4+ 272y + 1835 _ 2071
E1TY) = 5760 = 5400
—560x* 4+ 80x> — 24x2 + 152x + 1467
gi(x,1—x2) = o+ ot 576())“ TRt <0.2630... .

Finally, we obtain
gi1(x,y) <0.3245...

which gives the desired result. O

THEOREM 6. If f € F», then

29
< —.

Proof. Assume that f € .%; be of the form (I). Then from (3) and (I9) we obtain

Vs —45pt +240p3 ps — 120p? — 360p1 p3 — 160p3 + 2562 + 5764 +416)

= 5760
and from (I0)

1

360 |S4cic3+ 3265 +76¢ica + 3262+ 17¢ +2¢1 +72¢4 + 26| .

[yl =

By the triangle inequality we obtain

1
|4l < =— (2781 +58,+ S3),

— 360

where

S = ‘C4+261C3 +C%—|—3C%cz+cﬂ <1by withA =1,

Sp=les+c3—cier—ci| < 1by (3 withA =—1,

S3 = [40c4 — 5¢T 4322+ 2c7 +26] .
Consequently,

1
lya| < 360 (58 +40|ca| + 5|1 [* +32]ea| +2[e1]?) -
By Lemmal[l]
1
1] < 35 (58+40(1 - le1[? = |e2?) +5]er]* +32]cal +2[er]?) = g2 (ler s [ea)

where

1
g (x,y) = 360 (98 —38x% — 40y +5x* + 32y) .

It is easy to check that there are no critical points inside the set Q. Now, it is enough to examine the behavior



214 Anna FUTA, Magdalena JASTRZEBSKA, Pawet ZAPRAWA 10

of g, on the boundary of Q. Hence,

22(x,0) = — (98 — 38x? 4 5x%) <

360 180

29
8 — 40y? +32y) < —
? v+ ) = 100

127
=504

gZ(O’y)

gZ('xa I—x

360(

) = (18420 ~ 7)<

Taking into account all these inequalities we have

29

g2(x,y) < 100’

which ends the proof of the theorem. 0

THEOREM 7. If f € .73, then
7] <0.3287... .

Proof. Let f € .73 be of the form (I)). Using (3) and we have

1
5760 (576p4 +216p3 —360p | p3 — 160p2 +24Op1p2 —200p;1p2 —120p,

—45p1 +60p; +50pt — 156p; —261) .

Ya=

By (10),
1
7| = 760 |864¢1c3+432¢3 +512¢3 + 1216¢tcs + 64cyc2 — 240c;
+272¢1 + 112¢] —40ct —312¢1 + 1152¢4 — 261 .
Hence,
1
1] < 555 (43281 4808, + 53)

where

‘C4+261C3 —|—cz—i—3clcz—|—c1| <1by ([I3) withA =1,
S = ‘C4+c2—c1cz—c1} < 1by ([3) withA = —1,
S3 = |640c4 — 80c] +432¢3 + 64cycr —240c; + 112¢] — 40c] —312¢; +261] .

The triangle inequality and Lemma|I]results in

7| < 5160 (773 +640(1 — |1 |* — |c2|*) + 80|e [* +432(1 — |e1 [*)
+64c1||ca| +240ca| + 112]c; P +40|ct > +312[c1|) = g3 (et |ea])
where
g3(x,y) = 5160(80)6 + 112x% — 1032x% + 64xy + 312x — 640y” + 240y + 1845) .

The critical points of g3 inside the set Q coincide with the solution of the system of equations

39 —258x+42x% +40x> +8y =0
1544x—80y=0.
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There is only one critical point (0.1621...,0.1956...) and
23(0.1621...,0.1956...) = 0.3287.... On the boundary of Q,

23(x,0) = 5760(18454—312x-1o32x-+112x +80x*) < 0.3244...
0 1845 4 240y — 640
83(0,y) = = 60( +240y — 640y*) < 756

a(x1—x) = 5760(1445—%376x—%8x +48x> — 560x*) < 0.2798...

Finally, considering all the inequalities, we obtain
g3(x,y) <0.3287...
which is the desired result. ]

THEOREM 8. If f € Z#4, then
|74] <0.5027... .

Proof. Let f € %4 be of the form (I)). Therefore, using (3) and (23], we have

[val = 576p4 +432p3 — 360p; p3 — 160p3 + 240p] ps — 400p; p; + 288 ps

5760(
—45p1 +120p; — 160p7 + 144p; +720) .

It is easy to conclude from that

74| = |54cic3 + 54c3 + 32¢3 +76¢T ey +8cicp +36¢h + 17¢t + 14¢] —4ct

360
+18c1 +72¢q4 +45’ .

Using the triangle inequality, we obtain

1
114 < 5= (2781 + 582 +S3)
360

where

}C4+2clc3—i—c2+3clcz+cl‘ <1by (3 withA =1,
Sy = }C4+02—c1cz—c1‘ <1by (I3) withA =—1,
= [40c4 — 5S¢t + S4c3 + 8¢y + 3602 + 14c] — 4ct + 18¢; +45] .

By the triangle inequality and Lemmal|l]

1 |c2]?
< — (7744001 = |1 P = o) +5ler[* 454 (1 —|eg|? —
1< 555 (774001 —lerf )+ Sl 54 (1= - 120

+8|c1]|ca| +36|ca| + 14[ct | +4ci|* + 18]c1|)

1
5;ﬁﬁ(n1+1mqy—qmnﬁ+14qﬁ+5k¢tamkﬁ—4mQF
+8lci| (1=le1?) = ga(lerl, |eal)

where

171 426x — 90x* + 6x° + 5x* + 36y — 40y)

ga(x,y) = %&
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We can observe that (0.1469..., 5) is the only critical point of g4 inside the set Q. Therefore, g4 (0.1469..., )
0.5027....
Moreover,
1
84(x,0) = 25 (171 +26x - 90x* 4 6x° 4 5x*) < 0.4802...
1 199
0,y) = =— (1714 36y — 40y*) < ——
84(0,y) = 5 (171 436y —40y7) < -0
1
ga(x,1—x%) = ﬁ(167 +26x — 46x* +6x° —35x%) <0.4738... .
This means that
ga(x,y) <0.5027... .
In this way we have proved the theorem. O
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